Abstract. We define a one-parameter family of zeta functions, called multifractal zeta functions, for a Borel measure on the unit interval and a sequence of scales that tend to zero. The construction of this family is based on that of the continuous large deviation spectra in multifractal analysis. For a measure which is singular with respect to the Lebesgue measure, the parameter value α = 1 recovers the geometric zeta function of the complement of the support of the measure. Other parameter values yield geometric and topological information of fractal strings which is not obtained in the theory of geometric zeta functions of fractal strings.
Introduction
In this paper, an attempt is made to find a suitable notion of extension of geometric zeta function for multifractal sets and measures. For a measure and a sequence of scales, we define a family of multifractal zeta functions (parameterized by the extended real numbers) and investigate their properties. We restrict our view to results on fractal strings, which are bounded open subsets of the real line. For a given fractal string, we define a measure whose support is contained in the boundary of the fractal string. This allows for the use of the multifractal zeta functions in the investigation of the geometric properties of the fractal strings. The current theory of geometric zeta functions of fractal strings (see [25, 28] ) provides a wealth of information about the geometry and spectrum of these strings, but the information is independent of the topological configuration of the open intervals that comprise the strings. Under very mild conditions, we show that the parameter α = 1 yields the multifractal zeta function which precisely recovers the geometric zeta function of the fractal string. Other parameter values are investigated and, in particular, for certain measures and under further conditions, the parameter α = −∞ yields a multifractal zeta function whose properties depend heavily on the topological configuration of the fractal string in question. Work examining the families of multifractal zeta functions of multifractal measures is currently under way and will be discussed in a later paper.
Section 1 provides a brief review of fractal strings and geometric zeta functions, along with a description of a few examples which will be used throughout the paper, including the Cantor String and the a-String. Work on fractal strings can be found in [2, 10, 11, 17, 18, 19, 20, 23, 24] and work on geometric zeta functions and complex dimensions can be found in [25, 26, 27, 28] .
Section 2 provides a brief review of two approaches to multifractal analysis that can be found in [34] . One of these approaches lends itself to the definition of the multifractal zeta functions. Other approaches to multifractal analysis can be found in [1, 3, 4, 6, 7, 8, 12, 13, 14, 15, 16, 29, 30, 31, 32, 33, 35, 36, 37, 38, 39, 40, 41] .
Section 3 contains the definition of the main object of study, the multifractal zeta function.
Section 4 investigates the properties of the multifractal zeta functions using a very simple measure as an example.
Section 5 contains the statement and proof of a theorem describing the recovery of the geometric zeta function of a fractal string for parameter value α = 1. Section 6 contains the statement and proof of a theorem describing the topological configuration of a fractal string for parameter value α = −∞.
Section 7 contains the definition and description of the lengths associated with the multifractal zeta function from Section 6. Section 8 investigates the properties of various multifractal zeta functions for the Cantor String and a collection of fractal strings which are closely related to the Cantor String.
Section 9 investigates the properties of various multifractal zeta functions for the a-String and a fractal string which is closely related to the a-String.
Section 10 concludes the paper with a summary of results obtained herein and a few words on possible future research directions and on topics that will be included in a future paper.
Fractal Strings and Geometric Zeta Functions
In this section we review the current results on fractal strings, geometric zeta functions and complex dimensions (all of which we define below). Results on fractal strings can be found in [2, 10, 11, 17, 18, 19, 20, 23, 24] and results on geometric zeta functions and complex dimensions can be found in [25, 26, 27, 28] .
Definition 1.1. A fractal string Ω is a bounded open subset of the real line.
Unlike [25, 28] , it will be necessary to distinguish between a fractal string Ω and its sequence of lengths L (with multiplicities). That is, the sequence L = {ℓ j } ∞ j=1 is the nonincreasing sequence of lengths of the disjoint open intervals I j = (a j , b j ) where Ω = ∪ ∞ j=1 I j . We will need to consider the sequence of distinct lengths, denoted {l n } ∞ n=1 , and their multiplicities {m n } ∞ n=1 . Two examples of fractal strings we use in this paper are the a-String and the Cantor String, both of which can be found in [25, 28] . The lengths of the Cantor String appear in Figure 1 .
Below we recall a generalization of Minkowski dimension, called complex dimensions, which are used to study the properties of certain fractal subsets of R. For instance, the boundary of a fractal string Ω, denoted ∂Ω, can be studied using complex dimensions.
Let us now describe some preliminary notions. We take Ω to be a fractal string and L its associated sequence of lengths.
The one-sided volume of the tubular neighborhood of radius ε of ∂Ω is V (ε) = λ({x ∈ Ω | dist(x, ∂Ω) < ε}), Notice that we do not refer directly to the Minkowski dimension of the boundary of Ω. This is because Minkowski dimension is translation invariant, thus only the lengths L affect its value. If lim ε→0 + V (ε)ε α−1 exists and is positive and finite for some α, then α = D and we say that L is Minkowski measurable. The Minkowski content of L is then defined by M(D, L) := lim ε→0 + V (ε)ε D−1 . The Minkowski dimension is also known as the box-counting dimension because, for a bounded subset F of R d , it can also be computed as lim sup
where N ε (F ) is the smallest number of cubes with side length ε that cover F . In [17] , it is shown that if F = ∂Ω is the boundary of a bounded open set Ω, then 
The following equality describes an interesting relationship between the Minkowski dimension of a fractal string Ω (really the Minkowski dimension of ∂Ω) and the sum of each of its lengths with exponent σ ∈ R. This was first observed in [18] using a key result of Besicovitch and Taylor [2] , and a direct proof can be found in [28] , pp. 17-18.
We can consider D L to be the abscissa of convergence of the Dirichlet series ∞ j=1 ℓ s j , where s ∈ C. This Dirichlet series is the geometric zeta function of L and it is the function that we will generalize using notions from multifractal analysis. 
We may consider lengths ℓ j = 0, in which case we use the convention that 0 s = 0 for all s ∈ C. One can extend the notion of the dimension of a fractal string Ω to complex values by considering the poles of ζ L . In general, ζ L may not have an analytic continuation to all of C. So we consider regions where ζ L has a meromorphic extension and collect the poles in these regions. Specifically, consider the screen S where S = r(t) + it, for some continuous function r : R → [−∞, D L ] and consider the window W which are the complex numbers to the right of the screen. That is, W = {s ∈ C | Re s ≥ r(Ims)}. Assume that ζ L has a meromorphic extension to an open neighborhood of W and there is no pole of ζ L on S.
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The above theorem applies to all self-similar strings, including the Cantor String discussed below.
Earlier, the following criterion was obtained in [23] .
Let Ω be an arbitrary fractal string with lengths L and 0 < D < 1. The following are equivalent:
Remark 1.6. When one of the conditions of either theorem is satisfied, the Minkowski content of L is given by
Further, under the conditions of Theorem 1.4, we also have
Example 1.7 (Cantor String).
Let Ω 1 be the Cantor String, defined as the complement in [0, 1] of the ternary Cantor Set, so that ∂Ω 1 is the Cantor Set itself. See Figure  2 . The distinct lengths are l n = 3 −n with multiplicities m n = 2 n−1 for every n ≥ 1. Hence, 000000000000  000000000000  000000000000  111111111111  111111111111  111111111111  0000  0000  0000  1111  1111  1111  000  000  000  111  111  111  00  00  00  11  11  11  0  0  0  1  1 Figure 3 . The a-String with a = 1.
Upon meromorphic continuation, we see that
Note that D L = log 2 3 is the Minkowski dimension, as well as the Hausdorff dimension, of the Cantor Set ∂Ω 1 . From Theorem 1.4, it is then immediate that the Cantor Set is not Minkowski measurable. It can also be deduced from Theorem 1.5, as was first shown in [23] .
Example 1.8 (A String with the Lengths of the Cantor String).
Let Ω 2 be the fractal string that has the the same lengths as the Cantor String, but with the lengths arranged in non-increasing order from right to left. See Figure 2 . This fractal string has the same geometric zeta function as the Cantor String, and thus the same Minkowski dimension; however, the Hausdorff dimension of the boundary of Ω 2 is zero. This follows immediately from the fact that the boundary is a set of countably many points. The multifractal zeta functions defined in Section 3 below will illustrate this difference and hence allow us to distinguish between the fractal strings Ω 1 and Ω 2 .
Example 1.9 (a-String).
Given a > 0, let Θ a be the a-String, defined as the complement in [0,1] of the countable set {j Figure 3 . It is shown in [25, 28] that ζ La is meromorphic in C and that
is the Minkowski dimension of ∂Θ a (or equivalently L a ). Since ∂Θ a is countable, the Hausdorff dimension of ∂Θ a is 0. It follows at once from Theorem 1.4 that ∂Θ a is Minkowski measurable. This can also be checked directly, as was first done in [17] , or using Theorem 1.5. Further, by Remark 1.6,
In Section 9 below, we will consider a fractal string with the same sequence of lengths as the a-String but with a perfect boundaryand thus infinitely many limit points as well as non-trivial Hausdorff dimension. Again, using the multifractal zeta functions, we will show that such a string can be distinguished from the standard a-String.
The following key result, which can be found in [25, 28] , uses the complex dimensions of a fractal string in a formula for the volume of the inner ε-neighborhoods of a fractal string. 
where the error term can be estimated by 
If L is a self-similar string (e.g., if its boundary is a self-similar subset of R), then the conclusion of Theorem 1.10 holds with R(ε) ≡ 0.
Multifractal Analysis
The material in this section is from [34] . We restrict our view to certain types of measures and investigate the way they vary with respect to the Lebesgue measure. This can be done using several different notions of multifractal spectra, garnering a number of relationships between the different perspectives. We discuss here just two of the tools used in [34] , namely the large deviation spectrum and one of the continuous large deviation spectra. The large deviation spectrum is a classical tool in multifractal analysis which yields statistical information about the structure of the singularities of a measure (or a function). The continuous large deviation spectra are introduced to help deal with some of the difficulties in computing the large deviation spectrum. The construction of one of the continuous large deviation spectra lends itself readily to the construction of a one-parameter family of geometric zeta functions, which we define in the next section. For now, let us discuss some of the basic instruments of this approach to multifractal analysis.
There is a variety of other approaches to multifractal analysis, including those in [1, 3, 4, 6, 7, 8, 12, 13, 14, 15, 16, 29, 30, 31, 32, 33, 35, 36, 37, 38, 39, 40, 41] . Let X([0, 1]) denote the space of closed subintervals of [0, 1].
where | · | = λ(·) is the Lebesgue measure on R.
Equivalently, A(U) is the exponent α that satisfies
We will consider regularity values α in the extended real numbers [−∞, ∞], where 
with the convention that log N α (ε, n)/n log 2 = −∞ if N α (ε, n) = 0.
There are two drawbacks to f g ; it depends on the choice of the interval partition of [0, 1] and it uses two limiting operations, making its evaluation difficult for a given set of data. The continuous spectra are defined to help deal with these difficulties. We need some more tools before defining the continuous spectrum which is most pertinent to this paper. Let the collection of closed intervals with length η ∈ (0, 1) and regularity α be denoted by R η (α). Namely, Consider the union of the sets in R η (α),
Note that N α (ε, n) from the definition of f g is replaced by a number and there is no longer any dependence on ε. In many applications, A is continuous and R η (α) is nonempty, making the definition off In [34] , the following measure ν is presented as an example of a multifractal measure which behaves differently when examined using different types of spectra. A description of the precise spectra under which this measure exhibits different behavior is beyond the scope of this paper. Nonetheless, this example is the motivation for the structure of the measures examined throughout this work. Let
where λ is the Lebesgue measure on R and ∞ j=1 c j < ∞, with c j > 0 for all j ≥ 1. This measure is the Lebesgue measure plus a mass distribution supported on the boundary of the a-String (with a = 1), which is the fractal string described in Example 1.9.
The following proposition is taken from Proposition 7 in [34] .
. Analysis of multinomial measures using the family of zeta functions which are defined in the next section will be discussed in a future paper.
Definition of the Multifractal Zeta Functions
Given α ∈ [−∞, ∞] and η ∈ (0, 1), let
For a scale η > 0, R η (α) is a disjoint union of a finite number of intervals, each of which may be open, closed or neither and are of length at least η when R η (α) is non-empty. We will consider only discrete sequences of scales N = {η n } ∞ n=1 , with η n > 0 for all n ≥ 1 and the sequence strictly decreasing to zero. So for n ∈ N, let
We have
where r n (α) is the number of connected components R n p (α) of R n (α). We denote the left and right endpoints of each interval R n p (α) by a n R (α, p) and b n R (α, p), respectively. Given a sequence of positive real numbers N = {η n } ∞ n=1 that tend to zero and a Borel measure µ on [0,1], we wish to examine the way µ changes with respect to a fixed regularity α between stages n − 1 and n. Thus we consider the symmetric difference (⊖) between R n−1 (α) and R n (α). Let
and for n ≥ 2, let
For all n ∈ N, J n (α) is also a disjoint union of intervals J n p (α), each of which may be open, closed, or neither. We have
where j n (α) is the number of connected components J n p (α) of J n (α). The left and right endpoints of each interval J n p (α) are denoted by a n J (α, p) and b n J (α, p), respectively. For a given regularity α ∈ [−∞, ∞] and a measure µ, the sequence N determines another sequence of lengths corresponding to the lengths of the connected components of the J n (α). That is, the J n (α) describe the way µ behaves between scales η n−1 and η n with respect to α. However, there is some redundancy with this set-up. Indeed, a particular regularity value may occur at all scales below a certain fixed scale in the same location. The desire to eliminate this redundancy will be clarified with some examples below. The next step is introduced to carry out this elimination.
Let
be the union of the subcollection of intervals in J n (α) comprised of the intervals that have left and right endpoints distinct from, respectively, the left and right endpoints of the intervals in R n−1 (α). We have
where
Collecting the lengths of the intervals K n p (α) allows one to define a new geometric zeta function without specifying an open set. Let
We now define a generalization of the geometric zeta function of a fractal string by considering a family of geometric zeta functions parameterized by the regularity values of the measure µ. 
for Re s large enough.
If we assume that, as a function of s ∈ C, ζ µ N (α, s) admits a meromorphic continuation to an open neighborhood of a window W , then we may also consider the poles of these zeta functions, as in the case of the complex dimensions of a fractal string (see Section 1). Definition 3.2. For a measure µ, sequence N which tends to zero and regularity value α, the set of complex dimensions with parameter α is given by
Dependence on N
The following example shows that the choice of sequence of scales N significantly affects ζ µ N (α, s) for a given measure µ. Let µ = λ + δ 1/2 . That is, µ is the Lebesgue measure on [0,1] plus a unit point-mass at 1/2. Suppose that η n < 1/2 , for all n ∈ N. Then
To investigate regularity values α such that −∞ < α < 1, consider the following function: for x ∈ (0, 1), let
So for each α such that −∞ < α < 1, there exists a unique η α ∈ (0, 1) for which
is the empty set. This means that for fixed α, the R ηn (α) are empty except perhaps for one value of η n ∈ N . Thus ζ µ N (α, s) = 0, unless η α = η n for some n, in which case
We have shown that for the measure µ = λ + δ 1/2 and a sequence N of positive scales which are less than 1/2, all of the resulting zeta functions are entire functions.
More generally, one can show in much the same manner that if µ is such that µ = λ + b∈B δ b where B is a finite subset of [0, 1], then, for every α, R ηn (α) is empty except perhaps for finitely many values of η n ∈ N , the result being that every ζ µ N (α, s) is entire. Note, however, that for every regularity value α ∈ [−∞, ∞] and any sequence N ,
Regularity Value 1 and Geometric Zeta Functions
The goal of this section is to show that regularity value α = 1 yields the geometric zeta function of the complement of the support of a measure which is singular with respect to the Lebesgue measure λ. Recall that a measure σ is singular with respect to another measure ν, denoted σ⊥ν, when they are supported on disjoint sets. Specifically, a measure ν is supported on a measurable set U when ν(E) = ν(E ∩ U) for every measurable set E. Recall, also, that the total variation measure of a measure σ, denoted |σ|, is given by
where the supremum is taken over all finite partitions of E into measurable sets E j (see, for example, [5] ). Suppose ν is supported on U and σ is supported on V where U ∪ V = [0, 1], with U and V disjoint (so that |ν|(V ∩ E) = 0 = |σ|(U ∩ E), for all measurable subsets E of [0, 1]). Then σ is said to be singular with respect to ν.
Let σ be a Borel measure on [0, 1] such that σ⊥λ.
c is open, it can be considered as a fractal string Ω σ whose lengths L σ are those of the intervals
be the lengths of L σ and let {l n } ∞ n=1 be the distinct lengths of L σ with multiplicities {m n } ∞ n=1 . The following technical lemma is used in the proof of the theorem below.
The lemma shows that a closed interval with regularity 1 can have non-empty intersection with supp(σ) only if the intersection contains at most two points that carry no weight. It must also be true that if c . That is,
We refer the reader to the notation introduced at the beginning of Section 3. We have ∀n ∈ N,
Therefore, ∀n ∈ N, U ∈ R ηn (1) only if |σ|(U) = 0. The sets R ηn (1) depend further upon whether any of the endpoints of the intervals I j = (a j , b j ) which comprise Ω σ contain mass as singletons. If σ({a j }) = 0 and σ({b j }) = 0 for all j ∈ N, then
If, for instance, σ({a j }) = 0 for some j, then R n (1) contains a j for all n such that ℓ j > η n . If σ({a j }) = σ({b j }) = 0, then R n (1) contains a j and b j for all n such that ℓ j ≥ η n . Including these endpoints does not affect the sequence of lengths that define the multifractal zeta function. The theorem holds if σ({a j }) = 0 or σ({b j }) = 0 (or both) for some (or all) j ∈ N. The proof below would change slightly, however the lengths l n and multiplicities m n which constitute the multifractal zeta function would not. Essentially, at most a countably infinite number of singletons would be added to the collection of the R n (1) in such a way that the lengths ultimately remain the same. This is because the disjoint components of the R n (1) are separated by a singleton with mass or a positive distance, as follows from Lemma 5.1. For instance, if σ({a j }) = σ({b j }) = 0 and η n = ℓ j for all n, j ∈ N, then
If each ℓ j is equal to some η n , then
In other words, if an interval of length ℓ j is not picked up at stage n, it will be picked up at some later stage. We prove the case where every endpoint contains mass, without loss of generality. Suppose σ({a j }) = 0 and σ({b j }) = 0 for all j ∈ N. Then R n (1) = ℓ j >ηn I j implies that, for n ≥ 2,
Since R n−1 (1) ⊂ R n (1) for all n ≥ 2, the intervals J n (1) have no redundant lengths. That is, a n J (1, p 1 ) = a n−1 p 2 ) for all n ≥ 2 and p 1 , p 2 ∈ {1, ..., j n (1)}. This implies
Furthermore,
where the last sum is taken over all j such that η n−1 ≥ ℓ j > η n . Since η n ց 0, each length ℓ j is eventually picked up. Therefore, 
The key in Figure 4 will be used for all of the illustrations below. Figure 5 shows the first four steps in the construction of a multifractal zeta function with regularity 1 for a measure whose singular part is supported on the Cantor set.
In the case of ∂Ω = supp(σ), the abscissa of convergence of ζ c and not on their topological configuration. This is not the case for other regularity values. Specifically, the choice of sequence of scales N and the topological configuration of (supp(σ)) c greatly affect the form of the multifractal zeta functions for α = 1, as we will see in later sections.
Fractal Strings and Unit Point-Mass
The remainder of this paper deals with fractal strings Ω that have a countably infinite number of lengths. If there are only a finite number of lengths, the results from Section 4 can be extended to show that all of the corresponding zeta functions are entire when the measures taken into consideration are comprised of a finite number of unit pointmasses. Thus we consider measures that have infinitely many unit point-masses.
More specifically, in this section we consider an open subset of [0, 1], the fractal string Ω, which is comprised of countably many open intervals such that |Ω| = 1 and ∂Ω = [0, 1]\Ω. We also associate to Ω its sequence of lengths L. For such Ω, the endpoints are dense in ∂Ω. Indeed, if there were a point in ∂Ω away from any endpoint, then it would be away from Ω itself, meaning it is not in ∂Ω. This allows us to define, in a natural way, measures with a countable number of point-masses contained in the boundary of Ω. Let
where the (a j , b j ) are the open intervals whose disjoint union is Ω.
Let us determine the nontrivial regularity values α. For α = 1, R ηn (1) is the collection of closed intervals of length η n which contain no point-masses. For α = −∞, R ηn (−∞) is the collection of closed intervals of length η n which contain infinitely many point-masses. In other words, R ηn (−∞) is the collection of closed intervals of length η n that contain a neighborhood of an accumulation point of the endpoints of Ω. These two regularity values, α = 1 and −∞, are the focus of much of this paper.
For α > 1, R ηn (α) is empty for all n ∈ N since A(U) ≤ 1 for all U ∈ X([0, 1]). For −∞ < α < 1, there are at most countably many α such that R ηn (α) is non-empty, corresponding to the stages n ∈ N with w ∈ N possible point-masses contained in the closed interval under consideration. The restriction of α to being less than one can be strengthened to being less than zero because R ηn (α) = ∅ for all 0 ≤ α < 1. This is due to the fact that we only consider w ≥ 1 and η n such that 0 < η n < 1 for all n ∈ N. Thus, we can fix α strictly between −∞ and 0 by fixing two positive integers n, w ∈ N. That is,
n + 1), giving the regularity of the intervals U where |U| = η n and U contains w endpoints.
The fact that log (x + w)/ log x is strictly decreasing on (0, 1) for all w ∈ N and a cardinality argument show that there exist sequences N that satisfy the following property. if and only if n = n ′ and w = w ′ for all n, n ′ , w, w ′ ∈ N.
For N with distinct regularity, the resulting form of the collections of closed intervals of sizes η n ′ for a given regularity α is that for all w ∈ N, R η n ′ (α(n, w)) = ∅ whenever n ′ = n. Immediately, we have J n (α(n, w)) = J n+1 (α(n, w)) = K n (α(n, w)), K n+1 (α(n, w)) = ∅ and J n (α(n, p)) = ∅ for all n ∈ N, w ∈ N and n ′ = n nor n + 1. This proves the following theorem. 
and a sequence N that has distinct regularity and satisfies l n > η n ≥ l n+1 for all n ∈ N. Then
This theorem and the fact that the other numbers α such that −∞ < α < 1 yield multifractal zeta functions which are identically zero give us an interesting result: for the measure µ Ω that has unit pointmass at each endpoint of the open intervals (a j , b j ) whose disjoint union is Ω, certain sequences N and regularity α such that −∞ < α < 1, the multifractal zeta functions are entire.
When the open set Ω has a perfect boundary there is a relatively simple breakdown of all the possible multifractal zeta functions for the measure µ Ω . Recall that a set is perfect if it is equal to its set of accumulation points. Further, note that the boundary of a fractal string is closed; hence, it is perfect if and only if it does not have any isolated point. The simplicity of the breakdown is due to the fact that every point-mass is a limit point of other point-masses. Consequently, the only α that do not yield identically zero multifractal zeta functions are 1, −∞ and those which correspond to each length of N and one or two point-masses. 
Suppose that N is a sequence such that l n > η n ≥ l n+1 and l n > 2η n , for all n ∈ N. Then
where h(s) is the entire function given by h(s) =
For n ≥ 2, J n (−∞) is made up of m n intervals of length l n − 2η n and 2 n−1 p=1 m p intervals of length η n−1 − η n . That is, at each stage n ≥ 2, we pick up two η n−1 − η n terms for each ℓ j ≥ l n−1 from the previous stage and one l n − 2η n term for each ℓ j = l n . By construction, the sets K n (−∞) do not include the redundant η n−1 − η n terms. Therefore,
To prove the last statement in the theorem, note that any given U ∈ X([0,1]) may contain 0, 1, 2 or infinitely many endpoints, each of which have a unit point-mass. That is, for all n ∈ N, only R ηn (α(n, 1)) and R ηn (α(n, 2)) are non-empty. We have, for all n ∈ N, α(n, 1) < α(n, 2). Fix n ∈ N. There may exist at most one integer n ′ > n (thus η n ′ < η n ) such that α(n ′ , 1) = α(n, 2).
Thus, there are at most two stages contributing lengths to the multifractal zeta function with regularity α(n ′ , 1) = α(n, 2). The multifractal zeta function has finitely many terms of the form ℓ s where ℓ ∈ [0, 1], hence it is entire.
For certain fractal strings with perfect boundaries and a naturally chosen sequence, Theorem 6.3 has the following corollary.
Corollary 6.4. For a fractal string Ω with perfect boundary, total length 1, lengths L given by l n = ca −n with multiplicities m n such that a > 2 and c is a positive normalization constant, and given a sequence of scales N where η n = l n+1 = ca −n−1 ,
, where f 0 (s) and f 1 (s) are entire.
Proof. By Theorem 6.3,
Therefore, the result holds with There are a few key differences between the result of Theorem 5.2 and the results in this section. For regularity α = 1, the form of the multifractal zeta function is independent of the choice of the sequence of scales N and the topological configuration of the fractal string in question. For other regularity values, this is not the case. In particular, regularity value α = −∞ sheds some light on the topological properties of the fractal string in a way that depends on N . We elaborate on the description of the case α = −∞ in the following section.
Effective Lengths
We now define a special sequence that describes the collection of accumulation points of the boundary of a fractal string Ω. 
This definition is motivated by a key property of the Hausdorff dimension dim H : it is countably stable, that is,
For this and other properties of dim H , see [8] . Consequently, countable sets have Hausdorff dimension zero. As such, countable collections of isolated points do not contribute to the Hausdorff dimension of a given set. Regularity −∞ picks up closed intervals of all sizes η n ∈ N that contain an open neighborhood of an accumulation point of the boundary of the fractal string Ω. The effective sequence (and hence its multifractal zeta function) describes the gaps between these accumulation points as detected at all scales η n ∈ N , which we now define.
The distinct gap lengths are the distinct sums
where k ∈ N and the sums are taken over all j's such that the disjoint subintervals I j = (a j , b j ) of Ω are adjacent and have rightmost and/or leftmost endpoints (or limits thereof) which are 0, 1 or accumulation points of ∂Ω. The effective lengths have the following description: For the scale η 1 , K 1 (−∞) is the union of the collection of connected components of R 1 (−∞). For η n such that n ≥ 2,
Under appropriate re-indexing, the effective lengths with multiplicities m E,k (other than
E k , where the gaps g k are those such that 2η 1 > g k and the η E k ∈ N E ⊂ N are the effective scales with respect to N that detect these gaps. The result is summarized in the next theorem, which gives a formula for the multifractal zeta function of the measure µ Ω with sequence of scales N at regularity −∞. The second formula in Theorem 6.3 above can be viewed as a corollary to this theorem.
Theorem 7.2. For a fractal string Ω with sequence of lengths L, consider
For this measure and a sequence of scales N such that η n ց 0, the multifractal zeta function at regularity −∞ is given by
Note that the types of measures considered in Section 5 are much more general than those considered in Sections 6 and 7. The measures in these latter sections are designed to allow the multifractal zeta functions to describe the geometric and topological properties of fractal strings, whereas Section 5 recovers the geometric zeta function for the complement in [0,1] of the support of a measure.
Examples Involving the Cantor String
Let L be the sequence of lengths in the complement of the Cantor Set, which is also known as the Cantor String. That is, l n = 3 −n and m n = 2 n−1 , as in Section 1. We will discuss several examples involving this sequence of lengths, but for now consider the following two.
Let Ω 1 be the Cantor String, as in Example 1.7, and let Ω 2 be the open subset of [0, 1] whose lengths are those of the Cantor String arranged in non-increasing order from right to left, as in Example 1.8. That is, the only accumulation point of Ω 2 is 0 (see Figures 4, 6 and  7) . In each figure, portions of the approximation of the string that appear adjacent are actually separated by a single point in the support of the measure. Gaps between the different portions and the points 0 and 1 contain the smaller portions of the string, isolated endpoints and accumulation points of endpoints.
Consider the following measures which have singularities on a portion of the boundary of Ω 1 and Ω 2 , respectively:
where µ Ωq is defined as above with q = 1 or 2. These measures have a unit point-mass at every endpoint of the intervals which comprise Ω 1 and Ω 2 , respectively. 0000  1111  1111  0000000000  0000000000  1111111111  1111111111  00  00  11  11  000  000  111  111  0000  0000  1111  1111  000  000  111  111  000  000  111  111  00  00  11  11  00  00  11  11  00  00  11  11  00  00  11  11  00  00  11  11 0  0  1  1  00  00  11 Let N be such that l n > η n ≥ l n+1 and l n > 2η n . Such sequences exist for the Cantor String. For instance, ∀n ∈ N, let η n = l n+1 = 3 −n−1 . Theorem 5.2 yields
0000
N (0, s) = 0, which is due to the fact that R ηn (0) = ∅ ∀n in both cases.
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2 Ω Figure 7 . The first three stages in the construction of ζ In either case,
In the case of µ 2 , this formula is exactly the same as the corresponding formula for the a-String in Section 9 below. This is because, in the case of both µ 2 and the a-String, the only closed interval of length η n that contains infinitely many unit point-masses is [0, η n ]. So,
which means
and for n ≥ 2,
All of the terms from J n (−∞) = (η n , η n−1 ] are redundant. Therefore,
. The case of µ 1 for regularity α = −∞ is more complicated and is a result of Theorem 6.3. This is due to the fact that every point-mass is a limit point of other point-masses (the Cantor Set is a perfect set, thus Corollary 6.4 applies when N is chosen so that η n = 3 −n−1 for all n ∈ N.)
The following formula holds if N has distinct regularity. We have
The case of µ 2 allows for perhaps any number w ∈ N of pointmasses to be contained in closed sets of each length η n ∈ N. The result is a more complicated family of entire multifractal zeta functions. For a 0 = 1, ℓ 0 = 0 and
and j max (n, w) and j min (n, w) as the right-endpoints of the intervals I j which contain a max (n, w) and a min (n, w), respectively. Then,
s .
For n = 1 and w = 2,
For n ≥ 2 and w = 1,
For n ≥ 2 and w = 2,
For n ≥ 2 and w ≥ 2,
Remark 8.1. Clearly, for every N as above, D µ 2 N (−∞) is empty. In contrast, it follows from the above discussion that it is easy to find an admissible sequence N such that D Shortly we will consider two more examples of fractal strings, Ω 3 and Ω 4 , in addition to the Cantor String Ω 1 and the string Ω 2 . All of these fractal strings have the same sequence of lengths. As such, these strings all have the same Minkowski dimension, namely log 3 2. However, their respective Hausdorff dimensions do not necessarily coincide, a fact that is detected by certain of our multifractal zeta functions but the theory of fractal strings developed in [25, 28] does not describe. For a certain, natural choice of sequence of scales N and regularity −∞, some of the multifractal zeta functions of the measures µ q = µ Ωq (as above) have poles on a discrete line above and below the Hausdorff dimension of the boundaries of these fractal strings (see Figures 4 and  6-9) . In [25, 28] it is shown that the complex dimensions of the fractal strings Ω q , for q = 1, 2, 3, 4 are
These are the poles of
The geometric zeta function of the Cantor String does not see any difference between the open sets Ω q , for q = 1, 2, 3, 4. However, the multifractal zeta functions of the measures µ q with the same such N and regularity α = −∞ are quite different. For the remainder of this section, we choose N = {3 −n−1 } ∞ n=1 . We next discuss examples Ω 3 and Ω 4 : Ω 3 is a fractal string whose boundary has accumulation points at 0, 1 and 3 −n for every n ∈ N. Each 3 −n is the left endpoint of an interval of length 3 −n and the remaining lengths are placed in non-increasing order from left to right so as to make 0, 1 and the 3 −n accumulation points of the point-masses. See Figure 8 000  000  111  111  000000000  000000000  111111111  111111111  00  00  11  11  0  0  1  1  00  00  11  11  00  00  11  11  0  0  1  1  0000  0000  1111  1111  00  00  11  11 0  0  1  1  0  0  1  1  00  00  11  11  00  00  11  11  00  00  11 with the fact that the gap lengths are 3 −n −3 −n−1 = 2·3 −n−1 imply that the effective lengths are all zero, except for the components K 1 p (−∞). This yields an entire multifractal zeta function described below. Ω 4 is a fractal string comprised of a Cantor-like string and an isolated accumulation point at 1. The lengths comprising the Cantor-like string are constructed by connecting two intervals with consecutive lengths. The remaining lengths are arranged in non-increasing order from left to right, accumulating at 1. That is, for n ≥ 1, the gap lengths are 3 −2n+1 + 3 −2n = 4 · 3 −2n with multiplicities 2 n−1 and therefore the effective lengths are 2 · 3 −2n with multiplicities 2 n−1 . See Figure 9 . The Hausdorff dimension of the boundaries of each fractal string Ω q (q = 1, 2, 3, 4) are easily determined. For a set F , denote the Hausdorff dimension by dim H (F ) and the Minkowski dimension by dim M (F ). We have, for q = 1, 2, 3, 4, 1  1  1  1  1   0000000000  0000000000  0000000000  1111111111  1111111111  1111111111  000  000  000  111  111  111  000  000  000  111  111  111  00  00  00  11  11  11  000  000  000  111  111  111  00  00  00  11  11  11  00  00  00  11  11  11  0  0  0  1  1  1  0  0  0  1  1  1  0  0  0  1  1  1  0  0  0  1  1  1  0  0  0  1  1  1  00  00  00  11  11  11  00  00  00  11  11  11  00  00  00  11  11  11 [0,1] The first line holds because Minkowski dimension depends only on the lengths of the fractal strings and, furthermore, the Cantor set ∂Ω 1 is a strictly self-similar set whose similarities satisfy the open set condition, as defined, for example, in [8] . Thus, the Minkowski and Hausdorff dimensions coincide for ∂Ω 1 . The second line holds because ∂Ω 2 and ∂Ω 3 are countable sets. The third line holds because ∂Ω 4 is the disjoint union of a strictly self-similar set and a countable set, and Hausdorff dimension is (countably) stable. We justify further below. Theorem 6.3, Corollary 6.4 and Theorem 7.2 will be used to generate the following closed forms of the zeta functions ζ N (−∞, s) has a meromorphic continuation to all of C and is given by the same resulting expression for every s ∈ C. Analogous comments apply to similar computations elsewhere in the paper.
Since ∂Ω 2 has only one accumulation point, there is only one term in the corresponding multifractal zeta function at −∞ for µ 2 . We immediately have s . This is misleading in that different choices of N can yield an infinite number of nonzero terms for the resulting multifractal zeta function, thus it may not be entire. For instance, N = {1/(3 n+1 +1)} ∞ n=1 satisfies the following inequalities;
Therefore, the effective lengths ℓ E,k would be positive for every k ∈ N and, according to Theorem 7.2, the multifractal zeta function would have infinitely many terms of the form ℓ For Ω 4 , we have
where h 4 (s) is entire. Therefore, the poles of ζ 000000000000  000000000000  111111111111  111111111111  111111111111  0000  0000  0000  1111  1111  1111  000  000  000  111  111  111  00  00  00  11  11  11  0  0  0  1 N (−∞, s) has poles on a discrete line above and below the Hausdorff dimension of ∂Ω 4 , which is log 9 2. In all of these cases, the multifractal zeta functions and their corresponding poles for regularity −∞ depend heavily on the choice of sequence of scales N .
The a-String
Let Θ a = ∪ j∈N ((j + a) −a , j −a ) for some a > 0, so
and Θ a is the a-String. See Figure 10 and Example 1.9. Consider the measure
For any N such that η n ց 0, For −∞ < α < 0, if N has distinct regularity, following the steps in the previous section gives J n (α(n, w)) = J n+1 (α(n, w)), thus , w) ) = ∅ for all n, m, w ∈ N such that m = n or n + 1. These sets can be quite complicated and seem to contain information regarding the geometry of the open set in question, even though the resulting multifractal zeta functions are entire.
For simplicity, consider the case when a = 1. We still denote the corresponding open set by Θ a . Since m n = 1 for every n ∈ N, we can write ℓ n = l n . The formula for the multifractal zeta function of a fixed regularity α(n, w) corresponds to the closed intervals of size η n that contain w point-masses.
Choose N that has distinct regularity and for all n ∈ N, l n > η n ≥ l n+1 . The multifractal zeta function for a fixed α(n, w) can vary depending on other properties of N . For instance, if
. A natural choice for N is to set η n = l n+1 as we did with the Cantor String above. This sequence does not have distinct regularity. Indeed, if we fix a pair of positive integers n and w where n is even, then for every positive integer z, log n (nw + 1) = log n z ((nw + 1) z ).
Thus the pairs n z and q z = (1/2)((nw+1) z −1) yield the same regularity as the pair n and w. That is,
The effect is that there may be multifractal zeta functions of the measure µ a and this sequence N with regularity values strictly between −∞ and 1 that are not entire. We now consider another fractal string which has the same lengths as the a-String, but which has perfect boundary and hence infinitely many accumulation points instead of a single one. To construct this string, we mimic the "middle third" interval removal construction of the usual ternary Cantor Set (the complement of Ω 1 above) to get an open set Θ P a that has a perfect complement and the same sequence of lengths as the a-String Θ a . For simplicity, let a = 1 but still denote the corresponding open set by Θ P a . Recall that each ℓ j ∈ L a has multiplicity one. See Figure 11 0000000000000  0000000000000  0000000000000  1111111111111  1111111111111  1111111111111  00000  00000  00000  11111  11111  11111  000  000  000  111  111  111  00  00  00  11  11  11  00  00  00  11  11  11 [0,1] Θ P a Figure 11 . An a-String with perfect complement and a = 1.
removing each successive open interval of length l n from the middle of the rightmost interval which is large enough to contain it with positive distance between this new interval and the ones which were removed before it. The limit of this process is then a perfect set, with complement Θ P a . We now put a measure on [0, 1] that is singular with respect to Lebesgue measure and has a unit point-mass precisely at each endpoint of Θ P a . Let
where again we let (a j , b j ) be the disjoint open intervals whose union is Θ , the only potentially non-empty regularity values are those corresponding to closed intervals containing zero, one, two or infinitely many point-masses when N satisfies η n ց 0, similar to the situation in Theorem 6.3. However, Theorem 6.3 does not apply since there is no sequence N such that l n > 2η n for all n ∈ N. The case of α = −∞ yields the following formula if 2η n > l n and l n > η n > l n+1 for all n ∈ N: The apparent lack of the term (l 5 − 2η 6 ) s in the sixth stage (fifth line above) is a result of the fact that eventually 2η n > l n−1 (specifically when n = 6) when N is chosen accordingly. This means that no term involving l 5 − 2η 6 is introduced at the sixth stage. One must get to the seventh scale η 7 before a gap in the fifth open interval is introduced.
Perhaps there exists a sequence of scales N which generates effective lengths that are a constant multiple of the lengths of the a-string, so that ζ For the cases corresponding to just one point-mass, namely α = α(n, 1), the multifractal zeta functions are entire since log (x + 1)/ log x is strictly decreasing. The forms of the zeta functions ζ This section further illustrates the dependence of the multifractal zeta function with regularity α = −∞ on the topological configuration of the fractal string in question as well as the choice of scales N used to examine the fractal string. Indeed, the sequence of scales N can be chosen to be the sequence of lengths that are one-half of effective lengths of Ω P a , making ζ ν P a N (α(n, 1), s) identically zero. Similar remarks apply to the examples in the previous section. As before, following Theorem 5.2, regularity α = 1 corresponds to a multifractal zeta function that depends only on the lengths of the fractal string in question.
Concluding Comments
The main object defined in this paper, the multifractal zeta function with a given regularity, was originally designed to provide a new approach to multifractal analysis of measures which exhibit fractal structure in a variety of ways. In the search for examples with which to work, the authors found that the multifractal zeta functions can be used to describe some aspects of fractal strings that extend the existing notions garnered from the theory of geometric zeta functions and complex dimensions of fractal strings developed in [25, 28] , hence the genesis of this paper.
Regularity value α = 1 has been shown to precisely recover the geometric zeta function of the complement in [0,1] of the support of a measure which is singular with respect to the Lebesgue measure. This recovery is independent of the topological configuration of the fractal string that is the complement of the support and occurs under the mild condition that the sequence of scales N decreases to zero.
Regularity value α = −∞ has been shown to reveal more topological information of a given fractal string using a specific type of measure whose support lies on the boundary of the fractal string. The results depend heavily on the choice of sequence of scales N and the topological structure inherent to the fractal string. Moreover, the topological configuration of the fractal string is illuminated in a way which goes unnoticed in the existing theories of fractal strings, geometric zeta functions and complex dimensions, such as the connection to the Hausdorff dimension.
We close this paper by pointing out several directions for future research, some of which will be investigated in later papers:
Currently, examination of the families of multifractal zeta functions for truly multifractal measures on the real line is in progress, measures such as the binomial measure and mass distributions which are supported on the boundaries of fractal strings. Preliminary investigation of several examples suggests that the present definition of the multifractal zeta functions may need to be modified in order to handle such measures. This change would not affect the main results of this paper.
In the longer term, it would also be interesting to significantly modify our present definitions of multifractal zeta functions in order to undertake a study of higher-dimensional fractal and multifractal measures. A useful guide in this endeavor should be provided by the recent work of Lapidus and Pearse on the complex dimensions of the Koch snowflake curve (see [21] , as summarized in [28] , §12.3.1) and more generally but from a different point of view, on the zeta functions and complex dimensions of self-similar fractals and tilings in R d (see [22] , as briefly described in [28] , §12.3.2).
In [10] , the beginning of a theory of complex dimensions and random zeta functions was developed in the setting of random fractal strings. It would be worth extending the present work to study random multifractal zeta functions, first in the same setting as [10] , and later on, in the broader framework of random fractals and multifractals considered, for example, in [1, 8, 9, 14, 37, 38] .
These are difficult problems, both conceptually and technically, and they will doubtless require several different approaches before being successfully tackled. We hope, nevertheless, that the concepts introduced and results obtained in the present paper can be helpful to explore these and related research directions.
